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We study gluodynamics in an external Abelian electromagnetic field within the 
dual superconductor approach. We show that the SU (2) gluodynamics should 
possess a deconfining phase transition at zero temperature at certain value of 
the external field. A dual superconductor model for the SU (3) gauge theory in 
external field predicts a rich phase structure containing confinement, asymmetric 
confinement and deconfinement phases. These results can be used to check the 
validity of the dual superconductor description of gluodynamics in external fields. 
We also discuss the gauge-independence of the obtained results. 



1. We discuss the properties of the SU(2) and SU(3) gluodynamics in 
the external electromagnetic field using the dual superconductor approach 1 
based on the Abelian monopole condensation. The condensate - observed 2 
in various numerical simulations at low temperatures- forces a chromoelec- 
tric flux coming from (anti-)quarks to squeeze into a confining string. This 
picture of confinement has been confirmed in various lattice simulations 3 . 

A common feature of known superconductors is that at strong enough 
magnetic fields the superconductivity is destroyed and the superconductor 
goes in the normal (metal) state. In the dual superconductor model a simi- 
lar effect 4 leads to the deconfinement phase transition. Below we study the 
phase diagram of gluodynamics within the dual superconductor approach. 
We work in the Bogomol'ny limit 5 supported by lattice simulations 6 . 

2. Let us first consider the SU(2) gauge theory in the AD Euclidean 
space. The infrared properties of the vacuum of this model can be described 
by the Abelian Higgs (or, Ginzburg-Landau) Lagrangian: 

L GL [B, $] = \f% + \\D,{B) $| 2 + a( |$| 2 - A , (1) 
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where F^ u = d^B^ — d^B^ is the field strength of the dual gauge field B^, <f> 
is the monopole field with the magnetic charge gu, and = d^ + igMB^ is 
the covariant derivative. The gauge field B^ is dual to the third component 
of the gluon field in an Abelian gauge. The model possesses the dual U(l) 
gauge symmetry, B^ — > B^ — d^a, $ — > e l9lv ' a $. The form of the potential 
implies the existence of the monopole condensate, |($)| = r? > 0. 

Consider the four-dimensional sample of the (dual) superconductor oc- 
cupying half-space, X2 ^ 0. Let us apply the constant external EM field 
Fpv = £ A^34^ cxt to the boundary of the superconductor. The external 
field is screened due to the induced superconducting current, 

J„ = 9fm($*D M (S)$) =|$| 2 -^, v lt = d lt <p + g M B lt , (2) 

where we have set $ = l^le 1 ^. The current is parallel to the boundary of 
the superconductor. The monopole kinetic term in Eq. (1) can be written 
as l-D^f&l 2 = (9 M | < E>|) 2 + | ( E ) | 2 f 2 . Clearly, a non-zero current provides an 
additional positively-defined term in the Lagrangian (oc l^l 2 )- As a result, 
the external field destroys the monopole condensate. 

We treat the model (1) classically. It is convenient to rewrite the action 
of the model (1) as an integral in a two-dimensional plane. One of the 
directions of the plane is the depth of the dual superconductor, x 2 , while 
the second is given by the direction of the current (2). Choosing J M oc S^i 
the first two terms of eq. (1) become, respectively, F 2 /4 = H 2 /2 and 



\ D M 2 = 2 \ D ^\ 



D 1 ±iD 2 $ 



T2e a pd a J P T9MH |$| 2 . (3) 



S = 



J E" 2 

a=l,2 

In the Bogomol'ny limit, g 2 M j\ = 8, the action of the model is: 
L3L4 



■Jd 2 x{ I (D 1 z£ 2 )$| 2 +[H+ 9 -f(m 2 v 2 )] 2 } + S f + S Jt (4) 

where Li is the (infinitely large) length of the dual superconductor in i th 
direction, Sj = L3L4 J d x e a pd a Jp = LxL^L^Jxixi = 0) is the action of 
the surface current and 5/ = gu^zL^rf J d 2 x H/2 is the "flux" action. 
The Bogomol'ny equations minimize the action (4), 

(D 1 -D 2 )* = 0, H+ 9 -f (|$| 2 -r/ 2 ) =0. 

The second equation gives the monopole condensate at the boundary, 
I $(#2 = 0)| 2 = rj 2 - 2H ext /g M - The condensate disappears at the crit- 
ical value of the external EM field, i/ oxt = H CI = g M rf /2. 
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At zero temperature and in the absence of the external fields the tension 
of the string spanned on trajectories of the fundamental charges can be 
evaluated exactly in the Bogomol'ny limit 5,7 , a — nrj 2 . Using the Dirac 
relation between magnetic (<7m) and electric (g) charges, gmg — 2?r, we get 
the exact value of the critical EM field in terms of the string tension: 

gH cr /a - 1 , for SU(2) . (5) 

The dual superconductivity is destroyed in the bulk if H ^ H CI . 

3. Now let us consider the Lagrangian of the [?7(1)] 2 dual superconduc- 
tor model corresponding to SU(3) gluodynamics 8 : 

3 

pa pa,fiu _j_ " 

4 



3 
i=l 



where F° = <9 M i?" - <9„£?^ is the field strength of the gauge field B£, 
a = 3, 8. The phases of the monopole fields, $j, i = 1,2,3, satisfy the 
relation $^ i=1 arg<J>i = 0. The e-symbols are the root vectors of the 517(3) 
group: ?! = (1,0), e 2 = (-1/2.-V5/2), e 3 = (-1/2,^3/2). In Eq. (6) no 
summation over the Latin index i is implied. The gauge fields B 3,8 are dual 
to the diagonal components a — 3, 8 of the gluon field A a . Lagrangian (6) 
respects the dual [£7(1)] 2 gauge invariance: B® — > B® + d^a 11 , Oi — > $i + 
gM^o? + efa 8 ), a = 3, 8, i = 1, 2, 3, where a 3 and a 8 are the parameters 
of the gauge transformation. 

In the [(7(1)] Bogomol'ny limit, g\j/\ — 16/3, the equations of motion 

(D?±iD«>)x i = 0, ^) T ^i(| Xi | 2 -^)=0; 4 = 1,2,3, (7) 

give the same (due to the Weyl symmetry 9,10 ) critical value for all compo- 
nents of the EM field, ff« = £ a =3,8 e" H a , i = 1,2, 3: 

= gH cr /a = 3/4 , for SU(3) . (8) 

Here we used the Dirac condition and the relation for the fundamental string 
tension, a = 2irrj 2 , valid in the Bogomol'ny limit of the [(7(1)] 2 model 11 ' 9 . 
When the strength of the EM component ffM reaches the H cr value then 
the monopole field, <j> i7 vanishes. Expressing the auxiliary fields ifW i n 
terms of the components the EM field, _ff 3,8 , and using Eqs.(8) we get the 
phase diagram of the [(7(1)] 2 dual superconductor depicted in Figure 1. 

The phase diagram contains confinement (C), deconfinement (D) and 
the asymmetric confinement phases (A) . The phase transition depends not 
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Figure 1. The zero temperature phase diagram of the dual [(7(1)] 2 Higgs model in the 
Bogomol'ny limit in the presence of the external electromagnetic field. 

only on the absolute value of the EM field but also on the (" color" ) orien- 
tation of this field in the Cartan subgroup. At low values of the field the 
model is always confining regardless of the color orientation. However, as 
the absolute value of the field is increased, the model enters - depending 
on color orientation - one of six (A\2, A13, A23, A±, A2 or A3) asymmet- 
ric confinement phases. In the Aij phase the ith and jth components of 
the monopole field are condensed while the expectation value of the third 
component is zero. In the phase Ai the ith component is condensed while 
the others two components are not. With further increase of the field the 
model either enters the deconfinement phase, D, or stays in one of the three 
asymmetric confinement phases, A±, A2 or A3. 

One can show that three of six asymmetric confinement phases (A12 , 
A13 and A23) contain one baryon and three meson states. These phases 
are confining since the quarks of all three colors are confined. The other 
three asymmetric confinement phases (A±, A2 and A3) contain only two 
light meson states while the baryon bound state is absent. 

4. Our results were obtained for the Abelian external fields which are 
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applied to the dual superconductor corresponding to a fixed Abelian pro- 
jection 3 '. Although the fact of the monopole condensation seems to be 
projection-independent 2 , important properties of the dual superconductor 
may depend on the on chosen Abelian projection 12 ' 13 . 

We propose to investigate numerically the phase diagrams of the SU(2) 
and SU(3) gluodynamics in the Maximal Abelian projection and compare 
them with the predictions of Rcf. 4 . This comparison should reveal whether 
the dual superconductor picture works at strong external fields or not. 
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a Note that here we have implicitly assumed that we are working in the Maximal Abelian 
projection where the Bogomol'ny limit is realized 6 . 

b In particular, this implies that results of Refs. 13 for the phase diagram in the external 
Abelian fields can not be compared with our predictions. 



